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ABSTRACT

This paper is devoted to the existence of solutions for a class of implicit
Cauchy problems. The main tools in our study will be a convergent ap-
proximation procedure and the theory of pseudomonotone perturbations
of maximal monotone mappings.

1. Introduction

Consider the implicit Cauchy problem

W —;—t(Bu(t)) + Au(t) + Gu(t) = f, ae. t € (0,T),
. BU(O) = BU(),

in a real Hilbert space V. Here B is a linear bounded, symmetric and positive
operator from V to V' (the dual space of V), A is monotone and G is not.

Problem (1.1) allows many special cases that have already been studied. If G =
0, the existence of solutions for the implicit Cauchy problem (1.1) was recently
obtained by Barbu and Favini in [2] using the theory of monotone operators.
When B is the identity operator on V', (1.1) is the problem considered by Liu in
[3] (where V' can be a reflexive Banach space). More special cases can be found
in the references of the papers cited above.
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Our purpose in this paper is to prove the existence of solutions for the implicit
Cauchy problem (1.1) by using the theory of pseudomonotone perturbations of
maximal monotone mappings.

2. Preliminaries
Let V, H be real Hilbert space. V' stands for the dual of V and V C H C V'
algebraically and topologically. The norm of any Banach space U is denoted
by || - |lu. The duality pairing between U and U’ is denoted by (-,-)y. Let
p,q and T be constants such that T > 0,p > 2 and 1/p+1/¢g = 1. Let X =
LP(0,T;V), X' = L0, T;V'),I = [0,T]. The norm convergence is denoted by
— and the weak convergence by —.

Now, we introduce the following conditions.
(H1) B € L(V,V'),(Bu,u)y > 0 for all u € V and B is symmetric.
Here L(V, V') denotes the space of all bounded linear operators from V into V.
(Hz) A: V — V' is monotone and semicontinuous.
(H3) G: V — V' is both continuous and weakly continuous. Furthermore, for
any sequence {u,} in V with u, — » in V, we have

lim sup(Guy,, u, — u)y > 0.
(H,) There exist positive constants c;, ¢, c3 and ¢4 such that

[ Aully: < exr(flullf " + 1),
IGuliv: < ea(llully + 1),
(Au+ Gu,u)y > csl|ull}, — ca, Yu e V.

3. Main results

Let A: V — V'’ be the canonical isomorphism and ¢ > 0 be given. Under
assumption (Hy), we see that €A + B is an isomorphism from V to V'. So we
can let

(u,v)w = (u, (A + B) " lo)y Vu,veV'.

Since B is symmetric, it is easy to show that (-,-)w is an inner product on V’
and the space W := (V’, (-, -)w) is a Hilbert space in which the norm is denoted
by || - |lw. And the two norms on V' are equivalent, i.e.,

3.1 leA +B) |7 2llollw < Iollvs < lleA + B 2llvllw o € V.
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In fact, let v € V. Then
[0l =(v, (A + B) 'o)y
<llvllv[|(eA + B) toflv
<lieA + B)~Ylllwli},
which implies the first part of our inequalities. Also, there existsu € V, [lully =1
such that ||v]|v: = (v,u)y. Write 2 = (A + B)Ju € V'.
”'U”V' :<’U7U>V
=(v, (A + B) " 12)y
=<U, Z>W

Slllwllzliw

=|[vllw (z, 2}y
=[[v]lw (2 (A + B)'2)3/>
=|[vllw (2, uy/?

1/2 1/2
<|lollw 2|2 el

<llollwlleA + BI"||ullv-
Since ||ul| = 1, we have
llvllvr < lleA + B2 [lvflw.

Therefore (3.1) holds.

We assume that f € X', up € V, and (H;) — (Hy) hold. Let Z = LP(0,T; W).
Since W is a Hilbert space, identifying W with its dual, we may write Z’ =
L0, T; W) (see [4, 412] for details). Define A.,G.: Z — Z’ as

(Aev)(t) = A((eA + B)'v + uo)(t) - £(t),
(Gev)(t) = G((eA + B)™'v + uo)(t).

Then we have

LEMMA 3.1: Suppose that the assumptions (Hy) — (H,) hold. Then for each
ug € V,f € X' and € > 0 the mapping A, + G.: Z — Z' is coercive, bounded,
semicontinuous, and pseudomonotone.

Proof: Since (eA+ B)~! is a bounded linear operator, by (Hy) — (Hz3) and (3.1)
we easily obtain that the sum operator A, + G, is bounded and semicontinuous.
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Now we shall first prove that A. + G, is coercive. In fact

((Ae + Go)u, u)w
=(A((eA + B)"Yu + ug) + G((eA + B) tu+ ug) — f(t), (eA + B) tu)y
>cs|(eA + B) " u+uolly — ca = IF (@) |y ll(eA + B) Hully

— JJuollv (e1 + e2)(l(eA + B) " "u+ gl +1)
>ea|(eA + B)THPlll§ — 1 @)lv-ll(eA + B) = Hllullv-

— csl|(eA + B) P b - s,

where ¢5 and ¢g are independent of u. Since the two norms || - ||y and || - ||w on
V' are equivalent by (3.1), we have

((Ac + Gou,wyw > Cillullly — Coll F O lv llullw — Callulily* — Ca,
which implies that
((Ac + Go)u,u)z > Cyllully = Colfllx llullz = Callulf™ - Ci,

where C},C}, C4, C} are positive constants. Since p > 2, from the above inequal-
ity we obtain
(Ac + Ge)u, u)z = oo
llullz
as ||u||z = oo, which proves the coercivity of A + Ge.
At last we shall show that A, + G is pseudomonotone. Suppose v, — v in Z

and
(3.2) lim sup{A.vn, + Getp, v, — v)z < 0.

Let u, = (€A + B)"!v,,u = (eA + B)~!v. Since (eA + B)™! is a bounded linear
operator, it is also weakly continuous, which implies that u, — u in X. We shall
prove the pseudomonotonicity of A, + G, by showing

(3.3) (Acvy + Geovp,w)z = (Av + Gov,w)z Yw e Z
and

(3.4) lUminf(Acv, + Getn, vn)z = (Aev + Gev,v) 7.
Define

hn(t) = (Acvn(t) + Gevn(t), va(t) — v())w VEe I
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First we show that for all t € I,

(3.5) lim inf b, (t) > 0.

Suppose that the assertion is false, that is, for some tg € I,

(3.6) lim inf h, (t5) < 0.

It follows from (H,) that

hn (tO)

Il

(Acvn(to) + Gevn(to), vn(to) — v(to))w

(Aevn(ta) + Gevn(to), (eA + B) Hun(to) — v(to)))v
(

(

A((eA + B) ™ lu +uo)(to) — f(to) + G((eA + B) 1op + uo)(to),

€A + B) " (va(to) — v(to)))v
=(A(un + uo)(to) — f(to) + G (un + uo)(to), un(to) — u(to)))v
>cs|[un(to) + uollyy — ca = [1f (o) llv+ [lun (to) — u(to)llv

3.7) = (c1 + ca)([l#n(to) + uollf " + 1)llulto) + uollv-

By (3.6) and (3.7) we get that {u,(fo)} is bounded in V. Therefore, passing

to a subsequence if necessary we can assume that u,(tg) — u(tg) in V. Using
assumption (Hj), we obtain

Hm inf(G(u, + uo){to), un{to) — u(te))y > 0.
It follows from the monotonicity of A and the weak convergence of u,(fo) that
lim inf{A(u, + uo)(te) — f(to), un(to) — u(to))y > 0.
Hence, we have

lim inf h,, (t0) > liminf(A(un, + uo)(to) = f(t0), un(to) — u(to))v
+ lim inf(G (un + uo)(to), un(to) — u(to)))v
>0

b

which contracts (3.6) and thereby proves (3.5). Then by Fatou’s Lemma, we
obtain from (3.2)

T
0 S/ lim inf hy, (t)dt
0

T
gliminf/ hp (t)dt
0
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T
<lim sup/ hy(t)dt
0
=limsup(Acvpn + GeVn, vp — v)) 2z
<0.

The inequalities above imply that liminf h, (t) = 0. Passing to a subsequence if
necessary, we have

(3.8) hm ho(t)=0 ae tel.

n—00

Since (3.7) holds for all ¢ € I, it follows from (3.8) that {u,(f)} is bounded in
V. Therefore, {v,(t)} is bounded in W for a.e. t € I, and hence we may assume
vp(f) — v(t) in W for almost all t € I. Since G is weakly continuous, and the
linear bounded operator (eA + B): V — V’ is, of course, weakly continuous, we
have that for any w € 7,

((Gevn)(t) — (Gev)(t), w(t))w = 0 ae tel.
Using the boundedness of {v,}, and (H4) and (3.1), we obtain

[{(Gevn)(t) = (Gev)(t), w(t)wl
<IIG((eA + B) ™ on + uo)(t) — G((eA + B) ™ v + uo) () lw lw(®) lw
<allo®I% " + k) lw(®)lw,

where kq, kg are positive constants.
By the Dominated Convergence Theorem, it follows from the above facts that

(Gevp, — Gev,wyz = /OT((Gevn)(t) — (Gev)(®),w(t))wdt -0 Ywe€ Z,
Le.,
(3.9) Gop — Gy in Z'.
Similarly, using (H3), (Hs) and (3.1), we have

(Geva) (), 0a(t) = v(E)w| <N (Gevn) (O)llwllvn(t) — v(t) lw
<ksllo(®)llw + ks,

and
Im inf ((Gevy ) (8), v (t) — v())w > 0.
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Using Fatou’s Lemma again, we obtain

T
0 S/o lim inf((G v, )(t), vn(t) — v(t))wdt

< lim inf /O (Geom) 1), 0mlt) — o)t
ie.,
(3.10) lm inf(Gevp, vn)z > (Gev,v) 7.
So from (3.2) and (3.10), we have
lim sup{A¢vn, vy — v)z < 0.

By the definition of A,, we readily get that A, is a monotone and semicontin-
uous operator on the real reflexive Banach space Z. It follows from Proposition
32.7 in [4] that A, is maximal monotone. Therefore, using Lemma 1.3 of Chap. II
in [1], we have

(3.11) Aov, — Av
and
(3.12) nli_)n;o(Aévn,vn)Z = (A, v)z.

From (3.2) and (3.11), (3.12), we obtain
lim sup(Gevp, v, — v)z < 0.
So by (3.10), we get

(3.13) lim (Gevy, vy —v)z =0

n—oo

Hence from (3.9)-(3.13) we obtain (3.3) and (3.4), which proves our Lemma 3.1.

Now we are in a position to obtain our main results.

THEOREM 3.2: Let f € X" andug € V be given. Under assumptions (Hy)—(H,),
problem (1.1} has at least one solution u € X such that Bu € L*(0,T; V"),
(Bu)' € L0, T;V').

Proof: For € > 0, consider the approximating equation

(3.14) { i((ﬁ()/; i 53}!('5))’ + Au(t) + Gu(t) = f, ae. t €1,
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We can rewrite (3.14) as

(3.15) { V() + éev(t) +Ge(t) =0, ae tel,

Define Lv = v’ and D(L) = {v € Z : v' € Z',v(0) = 0}. Here ' stands for the
generalized derivative of v, i.e.,

T T
/0 V' (t)d(t)dt = —/O v(t)d' (t)dt V¢ € Cg°(I).

It can be shown (see Proposition 32.10 of [4]) that L is a maximal monotone

mapping.
By means of the operator L, we can rewrite (3.15) as

(3.16) Lv+Awv+Goo=0, veD(L).

In virtue of Theorem 32.A of [4] and our Lemma 3.1, we obtain that equation
(3.16) has a solution v, € D(L) for any ¢ > 0, which implies problem (3.14) has
a solution u. € X and v, € X'.

Now we write equation (3.14) as

(317) { ((GA + B)ue(t))l + Aue(t) + Gus(t) = f7 ae te I,

’U;e(O) = Ug.

Multiplying (3.17) by u., we get (after using (Hy))

8 hanelt), )y + 3 (Bt uel)y + eslucd)lfy

<N f®llvillue®llv +ca  ae tel.

Integrating the last inequality on (0,t), ¢t > 0, we get
€
Ol + 3 Bu.uhy +es [ sl

¢ 1/2
€ 1
<([uronas) " ([imons) et s gty + JiBu ol
0 0

By Young’s inequality, we obtain

(3.18) elluc @)l + (Bue(t), ue(t))v +/0 lue(s)[[ds < C,

where the constant C' may depend on || f||x+ and ||ug||v.
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By assumption (Hy) and (3.18) we know that {u.} is bounded in X, {Au.}
and {Guc} are bounded in X’. Hence on a subsequence, again denoted {¢}, we

have

(3.19) U —u in X,

(3.20) Aue =z in X/,

(3.21) Gue —~y in X'

(3.22) Bu. — Bu in X',
(3.23) ((eA + B)ue) — (Bu)' in X'

In view of (3.19)-(3.23), to conclude the proof of existence it remains only to
show that £ = Au and y = Gu a.e., t € I.
Now scalar multiplying (3.17) by (u. — «) and integrating, we have

(Aue + Gue, ue — ud x
=(f, tie — u)x — {[(eA + B)(uec — w)]', ue — u)x ~ ([(eA + B)u]', ue — u)x.
By (3.19), we obtain
lim sup{Aue + Gue, u. — u)x

< timsup { ~ Sflu.(T) ~ (@) ~ 5(Buc(T) = u(T),uelT) — w(T)}v }
<0.

Similar to the proof of (3.3), we easily get
Au, — Au, Gu. - Gu,
i.e., £ = Au and y = Gu, which complete the proof of Theorem 3.2. ]

Remark: In our previous paper [3], we dealt with evolution variational inequal-
ities with nonmonotone perturbations. As a special case of the variational in-
equalities, i.e., the closed convex subset M is the whole space X in the main
theorem of [3], we obtained an existence result in [3] for the corresponding evo-
lution equations, which also follows from Theorem 3.2 relative to B = identity.
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